Abstract. In this paper we describe a general strategy for approaching the Weinstein conjecture in dimension three. We apply this approach to prove the Weinstein conjecture for a new class of contact manifolds (planar contact manifolds). We also discuss how the present approach reduces the general Weinstein conjecture in dimension three to a compactness problem for the solution set of a first order elliptic PDE.
Introduction
The following considerations are part of the program initiated in [9] and extended in [10] of proving the general Weinstein conjecture in dimension three. The key observation in [9] was the equivalence between the assertion of the Weinstein conjecture and the existence of a non-constant holomorphic curve for a suitable nonlinear Cauchy-Riemann type equation. As discussed in [10] , this equivalence has its limitations. However, it was suggested that a suitable modification of the holomorphic curve equation should be the key to a proof of the general Weinstein conjecture in dimension 3. In the current joint work of the authors, the proof of the general Weinstein conjecture in dimension three has been reduced to a compactness question of certain moduli spaces for the generalized holomorphic curve equation. As we know from Giroux's work, any (co-oriented) contact structure is supported by an open book decomposition. In our approach, the compactness problems only arise if the pages of the open book decomposition are non-planar (i.e., of positive genus). If the pages are planar these difficulties do not arise. In this paper we describe our approach for this particular case.
Versions of the Weinstein conjecture.
Before we give more details we start by providing the necessary background. Consider a closed three-manifold M equipped with a contact structure ξ. In this paper we assume all contact structures to be cooriented, i.e., ξ = ker(λ) is defined by a contact 1-form λ. We denote the associated Reeb vector field by X λ . Recall that the (generalized) three-dimensional Weinstein conjecture states the following, see [20] : Conjecture (A. Weinstein, 1978) .
Every Reeb vector field X on a closed three-dimensional manifold M admits a periodic orbit. In fact, Weinstein added the hypothesis that the first cohomology group H 1 (M ; R) vanishes, but there is no indication that this additional hypothesis is needed. Moreover, Weinstein made his conjecture for Reeb vector fields on odd-dimensional manifolds of arbitrary dimensions. We point out at there are strong indications that in fact a stronger form of the Weinstein conjecture is true, which we again formulate in the three-dimensional case: Strong version of the Weinstein conjecture. For every Reeb vector field X on a closed three-dimensional manifold M there exist finitely many periodic orbits (x i , T i ), i = 1, .., n, so that the first homology classes [x 1 ], ..., [x n ] induced by the loops x i : R/(T i Z) → M sum up to 0:
Here the periods T i > 0 need not to be the minimal periods. We will say that the (strong) Weinstein conjecture holds for a contact form λ if the associated Reeb vector field satisfies the conclusion of the (strong) Weinstein conjecture.
1.2.
Generalized holomorphic curve equations. We write π : T M → ξ for the projection along X λ . Fix a complex structure J on ξ such that dλ(·, J·) defines a positive definite metric on ξ. We will call such complex structures compatible (with dλ). Let us begin with an assertion reducing the Weinstein conjecture to the study of the following nonlinear first order elliptic system. The solutions of interest are 5-tuples (S, j, Γ,ũ, γ) consisting of a closed Riemann surface (S, j), a finite subset Γ ⊂ S, a proper mapũ = (a, u) :Ṡ → R × M , whereṠ = S \ Γ, and a one-form γ on S so that (1.1)
(u * λ) • j = da + γ onṠ, dγ = d(γ • j) = 0 on S, E(ũ) < ∞.
Here the energy E(ũ) is defined by
where Σ consists of all smooth maps ϕ : R → [0, 1] with ϕ ′ (s) ≥ 0 for all s ∈ R.
The following theorem, which is an easy modification of a result by Hofer [9, 10] , shows that the Weinstein conjecture is equivalent to an existence result for a generalized holomorphic curve (we restrict ourselves to the case of three dimensions in the following discussion): [7] , we say that a contact structure ξ on a closed 3-manifold M is supported by an open book decomposition (L, pr) if there exists a contact form λ defining ξ so that:
• The form dλ induces an area form on each leaf F of pr.
• The form λ defines a volume form on L inducing the orientation as boundary of (F, dλ).
We will call λ a Giroux form associated to (L, pr) and denote such forms by λ Giroux .
The definition implies that each component of L is a periodic orbit of the Reeb vector field associated to the Giroux form. We call the components of L the binding orbits. Note that any Reeb orbit which is not a binding orbit hits any page in forward and backward time.
(2) A given Giroux form can be modified near the binding L to have additional properties. For example, we can arrange that each binding orbit has a neighborhood isomorphic to that of a periodic orbit in the round sphere S 3 . Alternatively, we can arrange that the binding orbits are nondegenerate elliptic periodic orbits (see [1] Giroux's fundamental result is the following, see [7, 8] . In view of this theorem and the results of [9] , the Weinstein conjecture is now established for every contact form defining a contact structure ξ on a closed oriented 3-manifold M if at least one of the following conditions is met:
(1) The contact structure ξ is overtwisted ( [9] ). (2) The second homotopy group of M is nontrivial ( [9] ). (3) The contact structure ξ is planar (present paper). Remark 1.7. (1) Recent progress in the understanding of contact three-manifolds, most notably an important result by Eliashberg [4] , has led to serious advances in the study of the "planarity question". Indeed, in a recent paper [5] J. Etnyre shows that not all contact structures are planar. He also shows that every overtwisted contact structure is planar, so case (1) above is a consequence of case (3). The Weinstein conjecture remains open for tight contact forms on closed 3-manifolds with vanishing second homotopy group for which the underlying contact structure is not planar. (2) It was pointed out by J. Etnyre that one can modify our proof in the planar case by putting on top of our construction Eliasherg's symplectic cobordism [4] . Then one can work with honest spheres rather than punctured spheres. The proof then has to make use of positivity of intersections, adjunction formula, self-intersection index, automatic transversality, and the compactness results for punctured holomorphic curves in [2] . Our arguments may be viewed as relative versions of these concepts. The use of Eliashberg's cobordism would somewhat simplify the arguments in the planar case if one does not like to work with non-compact curves. However, an index calculation shows that Eliashberg's construction does not help to prove the Weinstein conjecture in non-planar cases, whereas our constructions are designed precisely for this case. The only problem at the moment is the lack of a compactness proof for the generalized equation (1.1), although we are making progress on this question.
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Recollections on finite energy spheres
In this section we collect some facts about solutions of the PDE (1.1). Most of the results needed are scattered in the literature. Some of them need additional explanations and are further discussed. Throughout, M is a closed oriented 3-manifold, ξ is a contact structure defined by a contact form λ, J is a compatible complex multiplication on ξ, and π : T M → ξ is the projection along the Reeb vector field X λ . From now on, we will restrict ourselves to planar curves, i.e., the surface S in (1.1) is diffeomorphic to the sphere. Then the harmonic form γ vanishes and the PDE (1.1) reduces to
A solution (S, j, Γ,ũ) of equation (2.1) is called a (special) finite energy sphere. Equation (2.1) can be written in a more concise form as follows. Associate to J the almost complex structureJ on R × M defined bỹ
where r denotes the coordinate on R. Note thatJ is R-invariant and compatible with the symplectic form d(e r λ) in the sense that d(r r λ)(·,J ·) defines a Riemannian metric. Then equation (2.1) is equivalent to
We also need to consider a generalization of equation (2.1). Let λ + , λ − be two contact forms defining the same contact structure ξ such that
Pick a positive function f on R × M and a constant R > 0 such that ∂f ∂r ≥ 0 and
Note that ω f := d(e r f λ − ) is a symplectic form on R × M . LetJ be a compatible almost complex structure on R×M . This means that ω f (·,J ·) defines a Riemannian metric. Moreover, we assume that
whereJ ± are the R-invariant almost complex structures associated to complex multiplications J ± : ξ → ξ compatible with λ ± . We now study smooth maps
Here the energy E(ũ) is defined by 
acting on sections η(t) = η(t + T ) of the bundle x * ξ. Its kernel corresponds to eigenvectors of Φ T with eigenvalue 1, so in the nondegenerate case the kernel is trivial. Moreover, eigenfields of A have no zeroes. Fix a trivialization of the bundle x * ξ. In this trivialization each eigenfield of the self-adjoint operator A has a winding number which depends only on the eigenvalue, see [11] for details. The winding number increases with the eigenvalue, and each winding number occurs for precisely two eigenvalues (counted with multiplicities). Denote by α(x) the winding number corresponding to the largest negative eigenvalue. If x is nondegenerate and elliptic both eigenvalues with winding number α(x) are negative and the Conley-Zehnder index of x (in the given trivialization, see [11] ) is given by
We will also need a weighted version of this relation. For a weight δ < 0 which is not an eigenvalue define the weighted Conley-Zehnder index by
where α w (x) is the winding number corresponding to the largest eigenvalue < δ. Note that α w (x) and µ w (x) are the winding number corresponding to the largest negative eigenvalue, respectively Conley-Zehnder index, of the weighted asymptotic operator A w := A − δ.
2.2.
Asymptotics near a puncture. Next we describe the behavior of solutions of (2.1) near a positive puncture. The reference for this section is [14] . Let x be a periodic Reeb orbit of period T > 0. Denote by τ > 0 the minimal period and by k ∈ N its covering number, so that T = kτ . In suitable local coordinates in a tubular neighborhood U of x the contact form is given by
Here the periodic orbit x corresponds to t → (kt, 0, 0) ∈ S 1 × R 2 , and f > 0 is a function satisfying f (ϑ, 0, 0) = τ and df (ϑ, 0, 0) = 0. Letũ = (a, u) : [0, ∞)×S 1 → R×M be a solution of (2.1) such that u(s, ·) → x and a(s, ·) → +∞ as s → ∞. After replacing [0, ∞)×S 1 by [R, ∞)×S 1 for a sufficiently large R, we may assume that the image of u is contained in a neighbourhood U ⊂ S 1 × R 2 above. Hence we can writẽ
in the coordinates above, with z = (x, y) ∈ R 2 . The following asymptotic behaviour was established in [14] . 
for all multi-indices β, with constants C β depending on β. Moreover, if the zpart does not vanish identically we have the asymptotic formula for the transversal approach to x(t):
where
where λ < 0 is an eigenvalue of the asymptotic operator A along x defined in the previous section and e(t) = e(t + 1) = 0 is an eigenfield to λ.
In particular, this implies that u :Ṡ → M admits a continuous extensionū to the circle compactificationS of its domainṠ. The behaviour near a negative puncture (at which a → −∞) is similar. In the following we will only need positive punctures. Note that equation (2.2) agrees with equation (2.1) for |r| ≥ R, so Theorem 2.1 also applies to generalized finite energy spheres.
Linear Fredholm theory.
Following [17] , we introduce a special class of linear Fredholm operators over a punctured Riemann sphere (Ṡ, j). They act on sections of a trivial complex line bundle V =Ṡ×R 2 with fibrewise complex structure i = i(z), z ∈Ṡ. Denote by A 0 →Ṡ the bundle of complex antilinear bundle homomorphisms TṠ → V . Let C be a smooth section in the bundle Hom R (V, A 0 ) → S of real bundle homomorphisms V → A 0 . We call C admissible if at every puncture the following holds. (We assume all punctures to be positive, although for this subsection this makes no difference). Let (s, t) be polar coordinates such that s → ∞ at the puncture. Then there exist smooth loops of complex structures i + (t) on R 2 and 2 × 2-matrices C + (t) such that
in C ∞ as s → ∞. The matrices C + (t) are symmetric with respect to the metrics ω ·, i + (t)· , where ω is the standard symplectic form on R 2 . Moreover, we require that the asymptotic operator
acting on smooth functions η : S 1 → R 2 has trivial kernel. Thus the equation A + η = 0 defines a path of symplectic 2 × 2-matrices Φ t such that Φ 0 = Id and Φ 1 does not have 1 in its spectrum. Denote by µ + the Conley-Zehnder index of this path. We associate to an admissible C the operator the sum of the Conley-Zehnder indices at the punctures. The following result was proved in [17] .
The arguments in [14] show that elements in the kernel of L C have asymptotics at a puncture analogous to the ξ-component z in Theorem 2.1.
Corollary 2.3. A nontrivial element v in the kernel of L C has the following asymptotic behaviour in polar coordinates near a puncture:
where λ < 0 is an eigenvalue of the asymptotic operator A + at the puncture and e(t) = e(t + 1) = 0 is an eigenfield to λ.
Let us discuss the effect of exponential weights. By Corollary 2.3, a nontrivial element in the kernel of L C approaches zero at the j-th puncture with an exponential rate given by an eigenvalue λ j < 0 of the asymptotic operator A + j . For weights λ j < δ j < 0 that are not eigenvalues, denote by E w , F w the weighted Sobolev spaces of sections converging to zero at the punctures with exponential rates δ j or faster. Thus E w is the space of sections η in V →Ṡ such that η w ∈ E, where η w is defined by multiplying η by a positive smooth function which agrees with e −δjs near the j-th puncture, and F w similarly. Define the weighted Fredholm index ind w (L C ) as the index of the linear Fredholm operator L C : E w → F w . Note that η → η w defines an isomorphism E w → E (and similarly for F ) which conjugates the operator L C : E w → F w to the operator L Cw : E → F associated to an admissible C w . A simple computation shows that the asymptotic operators of C w are precisely the weighted asymptotic operators (cf. Section 2.1) at the punctures. Hence by Proposition 2.2,
where µ w (L C ) is the sum of the weighted Conley-Zehnder indices at the punctures. Next consider a nontrivial element v in the kernel of L C . By Corollary 2.3, it converges to zero at the j-th puncture from the direction of some eigenvector e j of the asymptotic operator A 2.4. Nonlinear Fredholm theory. Next we recall the Fredholm theory for equation (2.2). The basic references are [17] for the embedded case (which is all we need), and [3] for the general case. Letũ = (a, u) :Ṡ → R × M be a generalized finite energy sphere with asymptotic orbits x j . From now on we assume that all the punctures are positive (i.e., a → +∞) and all the asymptotic orbits are distinct, simple and nondegenerate elliptic. Denote by µ j and α j their Conley-Zehnder indices, respectively winding numbers of the largest negative eigenvalue, with respect to trivializations induced by a trivialization of u * ξ overṠ. So we have
Denote by µ(ũ) := µ j the Conley-Zehnder index ofũ and by #Γ the number of (positive) punctures ofṠ.
Denote by M the moduli space of solutions of equation (2.2) with #Γ positive punctures and asymptotic orbits x j . The space M can be described as the zero set of the nonlinear Cauchy-Riemann operator defined by (2.2) on a suitable Banach manifold of mapsṠ → R × M times the moduli space M 0,#Γ of #Γ points on the sphere. Its linearization atũ is a linear Fredholm operator D : E × T M 0,#Γ → F between Banach spaces. Here E and F are suitable Sobolev completions of the space of sections, respectively (0, 1)-forms, in the pullback bundleũ * T (R × M ). According to [17] for embeddingsũ, and [3] in general, the Fredholm index of D is given by (2.5) ind(ũ) = µ(ũ) − 2 + #Γ.
Ifũ is an embedding there is an alternative description developed in [17] . Write nearby curves as graphs of sections in the complex normal bundle N →Ṡ to C =ũ(Ṡ) in R × M . Equation ( 
It allows us to express the index ofũ in terms of the normal Conley-Zehnder index:
On the other hand, the operator D N is an admissible operator of the form considered in Section 2.3 (see the proof of Lemma 2.5 below), and by Proposition 2.2 its index is given by the right-hand side of equation (2. Proof. Let us sketch the proof. Denote coordinates onṠ by z and on R 2 by x. Pick a trivialization N ∼ =Ṡ × R 2 as provided by Theorem 4.7 in [17] . Write the almost complex structure in this trivialization as
where the components ofJ depend smoothly on (z, x). Since the zero sectioṅ S × {0} isJ-holomorphic, we havẽ
for complex structures j onṠ and i on R 2 and homomorphisms∆(z) : R 2 → T zṠ . According to Section 5 in [17] , the section C in the bundle Hom R (N, A 0 ) →Ṡ defined by
is admissible and the corresponding operator
agrees with the normal linearized Cauchy-Riemann operator D N atũ. In particular, the asymptotic operators of C at the punctures agree with the asymptotic operators at the periodic orbits x j . By hypothesis, the graph gr(v) of v satisfies the equation
for some complex structure onṠ. TheṠ-component of this equation
Define the complex structuresî(z) := i z, v(z) on R 2 and the sectionĈ in the
Then the equation for v can be viewed as a linear equation as in Section 2.3,
Note that near a puncture v(s, t) → 0 in C ∞ as s → ∞, soĈ approaches C at the punctures. This implies thatĈ is admissible with the same asymptotic operators as C and the lemma follows.
Finally, let us discuss the effect of exponential weights. By Theorem 2.1, u(s, t) approaches x j (t) normally with an exponential rate given by an eigenvalue λ j < 0 of the asymptotic operator at x j . For weights λ j < δ j < 0 that are not eigenvalues, denote by M w the space of solutions in M which normally approach the x j at the (positive) punctures with an exponential rate δ j or faster. By construction, the solutionũ belongs to M w . Define the weighted Fredholm index ind w (ũ) as the index of the linear Fredholm operator D : E w → F w between suitable weighted Sobolov spaces describing nearby solutions in M w . An argument as in Section 2.3 shows (see [17] , Section 6)
Similarly, the relations (2.7) and (2.6) carry over to the weighted case.
Algebraic invariants.
In this section we use the algebraic invariants from [12] to single out a 2-parameter family of solutions by putting suitable exponential weights. Letũ = (a, u) :Ṡ → R × M be a (special or generalized) finite energy sphere with asymptotic orbits x j . As in the previous section, suppose that all the punctures are positive and all the asymptotic orbits are nondegenerate and elliptic with Conley-Zehnder indices µ j = 2α j + 1. By Theorem 2.1, the solution u approaches x j from the direction of some eigenvector e j of the asymptotic operator. Denote the winding number of e j with respect to a trivialization of u * ξ by w j and define the asymptotic winding number ofũ by wind ∞ (ũ) := w j .
Since u approaches x j from the direction of an eigenvector to a negative eigenvalue at a positive puncture, we have
Let τ := (α j − w j ) be the difference between the actual winding numbers at the punctures and the maximal possible ones. Now assume thatũ is a special finite energy sphere. Then, according to [12] , the section π • T u of the bundle Hom C (TṠ, u * ξ) satisfies a linear Cauchy-Riemann type equation as in Section 2.3 (this is not true for generalized finite energy spheres). The z-part in Theorem 2.1 cannot vanish identically because if it did thenũ would be a covering of the cylinder over x j and thus have negative punctures (Theorem 6.11. in [12] ). By the similarity principle, π • T u can only vanish in finitely many points. The winding number wind π (ũ) is then defined as the sum of the indices of the zeroes of this section. It is a nonnegative integer which measures how often u is tangent to the Reeb vector field and is related to the asymptotic winding number by the formula (see [12] ) (2.9) wind π (ũ) = wind ∞ (ũ) − 2 + #Γ. 1 , KAI CIELIEBAK, AND HELMUT HOFER
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Combining formulae (2.9) and (2.5), we find
Now pick weights δ j < 0 just above the larger eigenvalue corresponding to w j . Denote by α w j the winding number corresponding to the largest eigenvalue smaller than δ j < 0. Then α Proof. The argument is similar to that given in the proof of Theorem 2.7 in [18] . As in Section 2.4, we write neighbouring solutions in M w as graphs of sections of the complex normal bundle to C. They satisfy a Monge-Ampere type equation whose linearization D N : E w → F w at the zero section is a Cauchy-Riemann type operator as in Section 2.3 between suitable Sobolev spaces with weights δ j . Consider a nontrivial element h in the kernel of D N . By Corollary 2.3, h approaches zero at the j-th puncture exponentially from a direction e j (t), where e j is an eigenfield of the asymptotic operator at x j . According to Lemma 2.4, h has a winding number
where w j is the winding number of e j : S 1 → R 2 \{0} with respect to a trivialization of the normal bundle N . Let
be the weighted normal Conley-Zehnder index at x j , where α N w (x j ) is the maximal winding number of an eigenfield of the asymptotic operator A j associated to an eigenvalue < δ j . Since h belongs to the Sobolev space with weights δ j , we have (2.7), this implies
This shows that nontrivial elements in the kernel of D N are nowhere vanishing. It follows that the kernel can be at most two-dimensional, since otherwise we could construct a nontrivial element in the kernel with a zero. Since ind w (ũ) = 2, we conclude that the operator D N is surjective. Thus M w is a smooth 2-dimensional manifold near C. It remains to prove that neighbouring elements C ′ = C in M w do not intersect C. As in Section 2.4, describe C ′ as the graph of a nonvanishing section v of the normal bundle to C. By Lemma 2.5, v satisfies a linear Cauchy-Riemann type equation LĈv = 0, where the admissible sectionĈ has the same asymptotics as D N . Hence the winding number of v satisfies wind(v) = w j . Now the computation above shows wind(v) = 0. Hence v has no zeroes, which precisely means that its graph does not intersect C.
Definition 2.8. For C ∈ M w we denote by a(C) ∈ R the minimum of the R-value of the projection C → R. Proof. First note that two distinct C, C ′ ∈ M 0 w intersect only in finitely many points. To see this, write C ′ near the j-th puncture as the graph of a nontrivial section v j in the normal bundle to C. By Lemma 2.5 and Lemma 2.4, v j has only finitely many zeroes. Thus we have a well-defined algebraic intersection number int(C, C ′ ). Recall from [6] that each intersection point contributes positively to int(C, C ′ ) and intersection points persist under small perturbations.
For small τ , we have int(C, C τ ) = 0 by Theorem 2.7. We define
Since intersections persist under perturbations, we must have int(C, C τ0 ) = 0. Let I τ ⊂ C be the (finite) set of intersections between C and C τ on the surface C. Now observe that for every neighborhood U of the set of punctures on C there is an ε > 0 such that I τ ⊂ U for all 0 < τ < τ 0 + ε.
For otherwise we would find a sequence τ n > τ 0 with τ n → τ 0 and intersection points z n ∈ C ∩ C τn with z n / ∈ U . But then the z n would converge to an intersection point z ∈ C ∩ C τ0 , contradicting int(C, C τ0 ) = 0. As above, write C τ for τ > 0 near the j-th puncture as the graph of a section v τ j in the normal bundle to C which approaches zero exponentially from the direction of an eigenfield e τ j of the asymptotic operator at x j . Denote by wind(e τ j ) the winding number of e τ j in a trivialization of the normal bundle, and by α j the maximal winding number of an eigenvalue below the weight δ j . Define an integer valued function i(τ ) by
If τ is small the Implicit Function Theorem 2.7 yields wind(v τ j ) = α j and int(C, C τ ) = 0, hence i(τ ) = 0. We will show that i(τ ) = 0 for all τ < τ 0 + ε for some ε > 0. We conclude that the left hand side is independent of τ ∈ (0, τ 0 + ε), and summing over j yields i(τ ) = 0 for all τ ∈ (0, τ 0 + ε).
Proof of the main result
In this section we prove the main result, Theorem 1.6. Given [S, j, Γ,ũ], we denote by C the image ofũ. Since all the mapsũ of interest to us will be somewhere injective one can show that knowing C we can reconstruct the underlying equivalence class [S, j, Γ,ũ]. A crucial concept for our discussion is the notion of a finite energy foliation F . and with every leaf F ∈ F also c + F ∈ F for every c ∈ R, i.e., the foliation is R-invariant.
Finite energy foliations are known to be a useful tool in studying the dynamics of Reeb vector fields as well as topological applications, see [18, 16, 13] . The following theorem is proved by Abbas in [1] . • The cylinders over the binding orbits in L are leaves of F , called the trivial leaves.
• (2) Theorem 3.2 can be proved along the following lines, using the compactness theorem for symplectic field theory [2] . The first step consists of modifying a leaf u 0 of the given planar open book decomposition (L 0 , pr 0 ) near its punctures so that there is a suitable function a 0 such thatũ 0 = (a 0 , u 0 ) solves the differential equation near the punctures. This is achieved by choosing J : ξ → ξ near the binding L 0 and the complex structure j near the punctures in a very special way so that solutions can be written down explicitly. We then look for a global solutionũ = (a, u) to the equation u * λ • j = da of the form u = φ f (u 0 ), where f is a suitable real valued function on the closed surface S (a sphere in our case) and where φ t denotes the flow of the Reeb vector field. This amounts to solving an inhomogeneous Cauchy Riemann equation for the function a − a 0 + if on the sphere, which is possible because on the sphere ∂ is surjective. The first part of (2.1) involving π • T u can then be used to define a z-dependent complex structure J + on ξ so that
A cobordism argument similar to the one in Section 3 of this paper can then be used to deform the parameter dependent complex structure J + into one which does not depend explicitly on z, say J − . We pick a complex structureJ =J(z, a, u), (z, a, u) ∈ S × R × M , on R × M such thatJ ≡J + for a ≥ 1 andJ ≡J − for a ≤ 0, and we study the corresponding PDE (2.2). There is an implicit function theorem and the compactness result [2] can be applied. Assume thatũ k = (a k , u k ) is a sequence of solutions such that inf a k → r ∈ R.
Although there is no statement corresponding to Theorem 3.4 in this paper, a solution where the infimum equals r can still be found (the part in the cobordism of the broken punctured holomorphic curve in the limit). An argument similar to the one in section 3.4 of this paper produces a finite energy solutionũ = (a, u) to the PDE in the negative part (R × M,J − ) with only positive punctures such that u is an embedding transverse to the Reeb vector field. The collection L of positive punctures of u may differ from the binding L 0 of the original open book decomposition. It is then shown that there is a compact 1-dimensional family of such solutions which form an open book decomposition with binding L.
We will refer to the nontrivial leaves in Theorem 3.2 as Abbas solutions. Proof. We apply the compactness theorem for symplectic field theory [2] . After passing to a subsequence, the C k converge to a broken punctured holomorphic curve of type (k − |k 0 |k + ). This means that the limit curve has k + ≥ 0 components in the symplectization (R × M,J + ) of the positive end, k − ≥ 0 components in the symplectization (R × M,J − ) of the negative end, and k 0 ∈ {0, 1} components in the cobordism (R × M,J). From a(C k ) → r ∈ R we conclude that k − = 0 and k 0 = 1, so the limit curve is of type (0|1|k + ). If k + = 0 the assertion of the proposition follows from the definition of convergence in [2] . Thus suppose that k + ≥ 1. Then the top layer is a (not necessarily connected) curve solving the homogeneousJ + -problem. By the stability requirement in [2] , this layer contains at least one componentĈ that is not a cylinder over a closed Reeb orbit. Letû be a parametrization ofĈ. Note thatû must be somewhere injective since the positive asymptotic limits are simply-covered (they are binding orbits of the open book decomposition). Therefore,û is not a branched covering of a cylinder over a closed Reeb orbit, and henceĈ has to intersect a nontrivial leaf of the Abbas foliation. On the other hand,Ĉ cannot be identical to such a leaf since it has at least one negative puncture. From the definition of convergence and positivity of intersections it follows that there is a sequence of Abbas solutions A k ∈ A such that C k ∩ A k = ∅ and C k = A k for large k. Since A ⊂ M We apply again the compactness theorem for symplectic field theory [2] . After passing to a subsequence, the C k converge to a broken punctured holomorphic curve of type (k − |k 0 |k + ). From a(C k ) → −∞ we conclude k − ≥ 1 (and consequently k 0 = 1). By the definition of convergence in [2] , the lowest layer of the limit curve contains a non-constant (special) finite energy sphereĈ for (M, λ, J − ) having only positive punctures. At the punctures,Ĉ is asymptotic to periodic Reeb orbits x j of the contact form λ. By construction, their homology classes [x j ] satisfy [x j ] = 0, where we sum over all the punctures. This proves Theorem 1.6 in the case that λ is nondegenerate. If λ is degenerate we can take a sequence f (k) : M → (0, ∞) of smooth functions converging in C ∞ to the constant function f (x) ≡ 1 so that the contact forms f (k) λ are nondegenerate. By the result in the nondegenerate case, we find for every k a finite set of periodic Reeb orbits x (k) j for f (k) λ whose homology classes sum up to zero. By the proof of the compactness theorem in [2] , the number of orbits for each k is bounded by a constant independent of k. So after passing to a subsequence, we may assume that their number is constant. Then by the Arzela-Ascoli theorem, after passing to a subsequence, the x (k) j converge in C ∞ as k → ∞ to periodic Reeb orbits for the contact form λ. Clearly, the homology classes of the x j sum up to zero. This concludes the proof of Theorem 1.6.
